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DUFFIN-KEMMER-PETIAU EQUATION 

WITH NONMINIMAL COUPLING TO CURVATURE 
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The generalized Duffin-Kemmer-Petiau equation in curved space-time is proposed for non-minimal coupling to the 
curvature and external fields. The corresponding scalar and vector fields equation are found. Equations are presented, 
which are equivalent to those of a scalar field with conformal coupling and electromagnetic field with non-minimal 
coupling to the curvature. The gauge-invariant Duffin-Kemmer-Petiau equation with non-minimal coupling is given. 



1. Introduction 



The Duffin-Kemmer-Petiau (DKP) equation is a first- 
order relativistic wave equation for spin and 1 bosons 
PP. Recently there has been an increasing interest to 
DKP theory in external fields and curved space-time 
(see [2] and references there). For minimal coupling to 
the curvature or an external vector field, the DKP equa- 
tion in the scalar case is equivalent to the corresponding 
Klein-Gordon- Fock equation Ej • For the vector case, 
the DKP equation with minimal coupling is equivalent 
to the Maxwell or Proca equations. 

In the DKP formalism, a wave function is multicom- 
ponent. That is why the simplest non-minimal inter- 
actions with external fields have a more complicated 
structure than in usual formalism. It has applications 
in describing of interactions of mesons with nuclei @], 
for studies of pionic atoms [Jy etc. The question on 
non-minimal coupling to the curvature in the DKP for- 
malism was not considered earlier, with the exception of 
the work UJ. However, in this work, the DKP equation 
with conformal coupling was written only using an aux- 
iliary field obeying contradictory conditions: this field is 
vector for general coordinate transformation and is con- 
structed only from the metric tensor and its derivatives. 

In the present work, a generalized DKP equation is 
introduced, with non-minimal coupling to the curvature 
and external fields, and the corresponding scalar and 
vector field equations are found. We use the system 
of units where h = c = 1 . The signs of the curvature 
tensor and the Ricci tensor are chosen such that R z 

diT) k - a fc r;, + r^r« fc - r^rjj and n lk 

R = R k , where T l j k are Christoffel symbols. 
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2. DKP formalism 

The DKP equation for a field with mass m is given by 
(i[3 a d a - m)yj = , (1) 
where the matrices (3 a obey the algebraic relations 

(3 a f3 b (3 c + (3 c (3 b f3 a = (3 a ri bc + (5 c rj> a , (2) 

and rf b is a constant diagonal matrix (in particu- 
lar, diag(l, —1, . . . , — 1) ). For the space-time dimension 
N = 4, the DKP algebra J2J has 5- (corresponding to 
spin 0), 10- (corresponding to spin 1) and 1-dimensional 
(trivial) irreducible representations. 

Each component of the free massive DKP field obeys 
the Klein-Gordon- Fock equation, because 



d(d)(if3 a d a - m) = -{8 a d a + m 2 )I , 
where / is the identity matrix and 

did) =ml + i(3 a d a + (2r 1 ab - (3 a f3 b - p b f3 a )^- 

2m 



(3) 



(4) 



The DKP equation for the massless case was written by 
Harish- Chandra [7] 



ip a d a ^ - 7 v> = o . 

Here 7 is a singular matrix satisfying 



(5) 



(6) 



If 7 is a solution to |JBJ, then 1 — 7 is also one. The 
following theorem takes place [7] : for any irreducible set 
of matrices (3 a there exist either none or just two such 
matrices 7 . 

We introduce Umezawa projectors [S], generalized to 
TV -dimensional case, and an arbitrary diagonal matrix 
(r, ab ): 

P = det(7 7Qb )(/3 ) 2 (/3 1 ) 2 -..(/3 Ar - 1 ) 2 , P a = Pp a , (7) 
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Q a = detfao*) (/3 1 ) 2 • • • (/J"" 1 ) V° - /T/? ] , (8) 

Q ab = Q apb (g) 

Under the infinitesimal Lorentz transformations 
x' a = K\x\ A a b = S a b + Lj a b , <J ab = -u ba (10) 
we have ip'(x') = S(A)ip(x), 

S(A) = l + ±Lu ab S ab , S ab = p a p b -p b (3 a , (11) 

and Pyb transforms as scalar, P a ip and Q a ip as vectors, 
and Q ab ip as antisymmetric tensor of second rank. 

The DKP equation for curved space is generalized |2| 
analogously to the Fock-Ivancnko-Weyl method [5] for 
the Dirac equation. On a space-time manifold, a sets 
of N vector fields e? a Jx) and e^ b ' l (x) (tetrads in the 
four-dimensional case) are introduced with the relations 

eta^i = Vab , e( a) ef = S b . (12) 

The covariant derivative of the DKP field ip is defined 
by 

V fc V- (d k + ^ kab S ab )yj, (13) 
where the "spin" connection LUkab obeys the relations 

UJkab = e(a)l e (b)^ l jk- e (b)®ke{a)] , ^kab = -Wfcba-(14) 

The DKP equations in curved space-time, for the mas- 
sive and massless fields, are written as 

if3 k V k ip -mip = 0, i(3 k V k ip -ji/> = Q, (15) 

where f3 k = e k a ^f3 a . There equations are equivalent to 
those of minimally coupled scalar or vector fields |2*lll(J|. 

3. Nonminimal coupling to curvature 

Usually, in quantum theory in curved space-time, a 
scalar field is considered with the Lagrangian 

L{x) = y/\g\ [dw'&v - (m 2 + V B )<p'<p - (16) 

and the corresponding equation of motion 

(V^ + Vg+m 2 + U'{^*^))ip(x) = 0, (17) 

where V, are covariant derivatives in the metric gik , g = 
det(gik) , U{tp*<p) is self-interaction, V g = for min- 
imal coupling to curvature. In the case V g = £ C P, 
where £ c = (N — 2)/[4(N — 1)] (conformal coupling), 
the massless equation is conformally invariant if U = 
\(ip*(p) N '( N ~ 2 > , A = const. For V g of arbitrary form, 
the third and fourth derivatives can appear in the metric 
energy- momentum tensor and the Einstein equations. 
However, for the Gauss-Bonnet-type coupling 

V g = £R + x(Ri mpq R lmpq - 4R lm R lm + R 2 ) (18) 



the energy-momentum tensor does not contain higher 
than the second-order derivatives of the metric. 

The electromagnetic field with the tensor F lk = 
d t A k — d k A l and a minimal coupling to curvature has 
the equation 

V 4 F lfc = 0, (19) 

which is conformal invariant if N = 4. For a vector 
field with nonminimal coupling to the curvature, the 
equation is often chosen ^2|-E| in the form 

Vi((l - Aii?)F* fe - X 2 (R i n F nk - R k n F m ) - 

-\ 3 R mm F lm ) + (&R + m 2 )A k + &R k A l = 0, (20) 

where Ai, A2, A3, £1, £2 are constants. The correspond- 
ing Lagrangian is 

L v = -^ y /\g~\F ik F ik +L I + L II , (21) 
where 

U = ^ [\ x RF ik F ik + 2X 2 R lk F m F k n + 

+ X S RiklmF ik F lm ], (22) 

L a = ^ [faR + m 2 )A,A l + ^R ik A i A k ] . (23) 

The additional terms from broke the gauge invari- 
ance of the theory. The additional terms from (IL'l'li can 
produce a lot of new effects: photons creation in expand- 
ing Universe ^2] (f° r Eq. I|19|) . photons do not create 
due to conformal invariance); polarization dependence 
of the photon trajectory |T2]; variation of the speed of 
light in curved space ^7], etc. 

4. DKP equation with non-minimal 
coupling 

We consider the generalized DKP equations for non- 
minimal coupling to the curvature and external fields: 

i[3 k (V fe + iB k ) (l + 7^ Cfex- kj k \ ..(3 k ")^- 

-a^-J2 V kl ... k J k \ . . P k « (1 - 7)^ = 0, (24) 

where a = const 7^ 0, B k {x) is an external vector field, 
Cki-k p (x), V kl ... kq {x) (p,q = 0,1,2,...) are arbitrary 
external fields, e.g., R, Ri k , Ri k i m - To find the scalar 
equation corresponding to Eq. I|24|) . we use the DKP 
algebra and the following relations: P l /3 J = <? y P, 

PViip = V<(fty) = = Pdiip , (25) 

P'VfeV = V fc (Pty) = 9 fe (PV) +r? fc PV , (26) 



Duffin-Kemmer-Petiau equation with nonminimal coupling to 



curvature 
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k 2 ■■■ k„ 



fci fc,-a p/c, 



(27) 



odd 



E^fe fe 2 fc p _ 2 pfc p , \ " >fc fe 3 fc P p /no\ 
S k 2 ■■■ fc p _ 2 fc P ^ 15 fea ■■■ fcp ' { - °> 

even odd 

where P l = e? a ^P°, and ^ denote summation 

even odd 

with even and odd number of indices. Multiplying l|24[l 
by (1 — j)P and (1— j)P l and taking into account H25|) - 
(128(1 . and the equalities following from JBJ 

7(1-7) = 0, 7 /3 fc =/3 fe (l- 7 ), 7 ^/3 fe = /3*/3 fc 7 , (29) 
1 P = P 1 , 1 P k = P k {\~ 1 ), (30) 
we obtain 



(1-7) 



^k((sf + J2c k k 2 k2 -i) pl + 



^ fcs-fep ' j 2-~i k 2 - k q ' 



odd 



(1-7)PV 



1-7 



V> = 0, (31) 
, (32) 



odd 



where D k = Vfe + iPfc . Substituting (|3*2*|l in IpHjl. one 

obtains an equation for the scalar component <j> = (1 — 
7 )P^: 



Pa 



3 ■■■ fcq 



odd 



^(EC..,^)+«EC.,: 5 } 

odd even ' 



4> = 0. (33) 



For a scalar representation of the DKP algebra, this 
equation is equivalent to 124J1 . The DKP equation cor- 
responding to Eq. (|17j) may be written as 

i(3 k V fc V> - a-fvj -- (m 2 + V g P + U'P) (1- 7 )t/> = 0, (34) 
a 

where P' = P'(a~V + P + (l-7 + )(l-7)PV') • Ifm^O, 
then the choice a = m gives identical dimensions of 
different components of the DKP field. For the massless 
case we take a = 1 , then the dimensions of Pvb and 
are different. 
For spin 1 we take into account that 



Q lk = -Q k 



P k f3 l = Q lk (3 l = Q l g kl -Q k g u (35) 



kl s~\k Al i 



and introduce the tensors E lk mn , O lk n , W n , G Lk n 



even 


) - & mnH j 


(36) 




/3 fc p = 0* Q n , 


(37) 


odd 






even 


■ P k " = H l n Q n , 


(38) 




■ (3 k « =G lk n Q n . 


(39) 



odd 



Multiplying JUJl by (1 - -f)Q l and (1 - j)Q ln , one ob- 
tains 



(1-7) 



*p fc (p ;fc mn Q mn +o Zfc „Q j -p'„g J 



i' = 0, (40) 



(1- 7 )Q'"V 



1-7 



o 



i (D n Q l - D l Q n ) - G ln m Q m V- (41) 



We denote A k = (1 - j)Q k i/j, 

P 4fc = (D l Q k -D k Q l ) (1-7)V> = P l A fc - P fc A J , 

and substitute 141|) in l|40|). As a result, we have 

D k (E lk mn F nm ) + 
+ [iD k {E lk mn G m ; - aO lk p ) + aH l p ] A p = 0. (42) 

For a vector representation of the DKP algebra, this 
equation is equivalent to l|24l) . In particular, for a vector 
representation, the following DKP equation: 

il3 k V k U- 1 (\ l R+ X 2 R mn /3 m l3 n + (43) 

+ y {RmnP m p n + Rmn Pq rP P l3 n P q ))^- ^vb - 

- \ [m 2 + aP + 6(P - R mn (3 m f3 n )) (1 -7)^ = 

reproduces Eq. H20|) with non-minimal coupling. 
The DKP equation 

iS3 k V fc (l + 7 E&^J l1 ... /3 fe2 ") V " li> = (44) 

is invariant under the transformation 

^^^ + (1-7)$, if 7/3 fe V fe $ = 0. (45) 

In a vector representation, such transformations corre- 
spond to addition of derivatives of some scalar func- 
tion to the components A k = (1 — j)Qkip E3> i- e -> 
Eq. (|44|l corresponds to the non-minimally coupled 
gauge-invariant vector field. 

The DKP equation of the form 



ip k v k i> - 7^ - icRP{i - i)i> = o 



(46) 
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describes the conformally invariant scalar field in a 
scalar representation of the DKP algebra and the min- 
imally coupled electromagnetic field i|19|) . for a vector 
representation (P — 0) . 

For DKP algebra representations in which 



(/3 u )+ = /3 u , 09") 



-0 V 



7 



7: 



(47) 



where f = 1, . . . , N — 1, the Lagrangian for the DKP 
equation can be written similarly to that for the Dirac 
equation. For examples, the Lagrangian corresponding 
to Eq. is 



L = 



(48) 



aT 1 vb(m 2 + V g P)(l- 7)V> - U(dT 1 ip(l- j)Pip) 



where ip — ip + rp is the DKP conjugate function, rp 
2(/3 ) 2 / ?? 00 -l, 



V fc ^ = B k vb - -u kah vbS ah 



(49) 



Thus the DKP formalism is an equivalent form for 
the description of scalar and vector fields with various 
types of coupling to the curvature and external fields 
(see Eqs. J23J|, and the particular cases (|54"|) , 

(|43() . (|44|l . I|46[l h Taking into account a possible non- 
minimal coupling of the scalar and vector fields to cur- 
vature may be important for the early Universe. The 
questions concerning the type of coupling to the curva- 
ture pertain to experiment. The generalized DKP equa- 
tions can be used in those problems, where the general 
covariance is required and the formalism of first-order 
differential equations is preferable. 
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